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Abstract. We summarize our geometric and topological description of compact eight-manifolds which arise as internal
spaces in N = 1 flux compactifications of M-theory down to AdS3, under the assumption that the internal part of the
supersymmetry generator is everywhere non-chiral. Specifying such a supersymmetric background is equivalent with giving
a certain codimension one foliation defined by a closed one-form and which carries a leafwise G2 structure, a foliation whose
topology and geometry we characterize rigorously.
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INTRODUCTION
Using the theory of foliations, we give a mathematical
characterization of the class of N = 1 supersymmet-
ric compactifications of eleven-dimensional supergravity
down to AdS3 spaces. Our results, which rely on rigorous
proofs, give a complete geometric and topological char-
acterization of those oriented, compact and connected
eight-manifolds M which satisfy the corresponding su-
persymmetry conditions, in the case when the internal
part of the supersymmetry generator is everywhere non-
chiral. Details of the method, proofs and calculations can
be found in [1].
An everywhere non-chiral Majorana spinor ξ on M
can be parameterized by a nowhere-vanishing 1-form V
whose kernel distribution D carries a G2 structure. The
condition that ξ satisfies the supersymmetry equations
turns out to be equivalent with the requirements that
D is Frobenius integrable (namely, a certain 1-form ω
proportional to V must belong to a cohomology class
specified by the supergravity 4-form field strength G)
and that the O’Neill-Gray tensors of the codimension
one foliation F which integrates D , the so-called “non-
adapted part” of the normal connection of F as well as
the torsion classes of the G2 structure of D are given in
terms of G through explicit expressions. In particular, the
leafwise G2 structure is “integrable” (in the sense that its
rank two torsion class τ2 vanishes [2]) and conformally
co-calibrated (the rank one torsion class τ1 is exact),
thus (up to a conformal transformation) it is of the type
studied in [3]. The field strength G can be determined in
terms of the geometry of F and of the torsion classes
of its longitudinal G2 structure, provided that F and the
G2 structure satisfy some geometric conditions, which
we describe. We also describe the topology of F , thus
providing a global description of M.
Notations and conventions. Throughout the paper,
M denotes an oriented, connected and compact smooth
manifold of dimension 8, whose unital commutative R-
algebra of smooth real-valued functions we denote by
C ∞(M,R). All vector bundles considered are smooth.
We use the results and notations of [1, 4, 5], with the
same conventions as there. For simplicity, we write the
geometric product ⋄ of loc. cit. simply as juxtaposition.
If D ⊂ TM is a Frobenius distribution on M, we let
Ω(D) = Γ(M,∧D∗) denote the C ∞(M,R)-module of
longitudinal differential forms along D . For any 4-form
ω ∈ Ω4(M), we let ω± def.= 12 (ω ±∗ω) denote the self-
dual and anti-selfdual parts (namely, ∗ω± =±ω±).
As in [6, 7], we consider supergravity on an eleven-
dimensional connected and paracompact spin manifold
M with Lorentzian metric g (of ‘mostly plus’ signa-
ture), compactified down to an AdS3 space of cosmo-
logical constant Λ = −8κ2, where κ is a positive real
parameter (this includes the Minkowski case as the limit
κ → 0). The fields of the classical action are the metric g,
the three-form potential C (with four-form field strength
G= dC) and the gravitino, which is a Majorana spinor of
spin 3/2. We can write M = N×M (a warped product),
where N is an oriented 3-manifold diffeomorphic with
R3 and carrying the AdS3 metric g3, while M is an ori-
ented, compact and connected Riemannian 8-manifold
with Riemannian metric g. For the field strength G, we
use the warped compactification ansatz:
G = ν3∧ f+F , with F def.= e3∆F , f def.= e3∆ f
where ν3 is the volume form of (N,g3), f ∈ Ω1(M),
F ∈Ω4(M) and ∆ is the warp factor.
For supersymmetric bosonic classical backgrounds,
the gravitino and its supersymmetry variation must van-
ish, which requires the existence of at least one solution
η to the supersymmetry condition:
Dη = 0 , (1)
where D denotes the supercovariant connection. We use
the ansatz η = e ∆2 (ζ ⊗ ξ ) where ξ is a Majorana spinor
of spin 1/2 on the internal space (M,g) (a section of the
rank 16 real vector bundle S of indefinite chirality real
pinors) and ζ is a Majorana spinor on (N,g3). When ζ is
a Killing spinor on AdS3, the supersymmetry condition
(1) is equivalent with the following system for ξ :
Dξ = 0 , Qξ = 0 (2)
where, for X ∈ Γ(M,T M) :
DX = ∇SX +
1
4
γ(XyF)+ 1
4
γ((X♯∧ f )ν)+κγ(Xyν)
is a linear connection on S and
Q = 1
2
γ(d∆)− 16γ(ι f ν)−
1
12
γ(F)−κγ(ν)
is an endomorphism of S. Here ν is the volume form
of (M,g) and γ : ∧T ∗M → End(S) is the structure mor-
phism. The set of solutions of (2) is a finite-dimensional
subspace K (D,Q) of the infinite-dimensional vector
space of smooth sections of S. The vector bundle S has
two admissible pairings B± (see [5, 8]), both symmetric
but of different types εB± = ±1. Without loss of gener-
ality, we choose to work with B def.= B+ which can be
taken to be a scalar product on S (see [4]).
Requiring the background to preserve N = 1 su-
persymmetry amounts to asking that dimK (D,Q) = 1.
Since B is D-flat (as proven in [4]), any solution of (2)
of unit B-norm at a point will have unit B-norm at every
point of M and thus we can take the internal part ξ of the
supersymmetry generator to be everywhere of norm one.
GEOMETRIC ANALYSIS
The inhomogeneous form defined by a Majorana
spinor. One can eliminate ξ by working with differen-
tial forms constructed as bilinears in ξ , a method which
admits a concise mathematical formulation through the
theory of Kähler-Atiyah bundles [4, 5, 9]. Fixing a Ma-
jorana spinor ξ ∈ Γ(M,S) which is of unit B-norm ev-
erywhere, consider the inhomogeneus differential form
(see [4]):
ˇE =
1
16
8
∑
k=0
ˇE(k) =
1
16(1+V +Y +Z+ bν) , (3)
where we use the following notations for the non-zero
components, which turn out to have ranks k = 0,1,4,5,8
:
ˇE(0) = ||ξ ||2 = 1 , ˇE(1) def.= V ,
ˇE(4) def.= Y , ˇE(5) def.= Z , ˇE(8) def.= bν .
The rank components of ˇE have the following expansions
in any local orthonormal coframe (ea)a=1...8 of M defined
on some open subset U ⊂M:
ˇE(k) =U
1
k!B(ξ ,γa1...ak ξ )e
a1...ak ∈Ωk(M) .
Here, b is a smooth real valued function defined on M.
We have b = ||ξ+||2 − ||ξ−||2 and ||ξ+||2 + ||ξ−||2 =
||ξ ||2. The inequality |b| ≤ 1 holds on M, with equality
only at those p ∈ M where ξp has definite chirality. The
inhomogeneous differential form ˇE is the main object
used in our method [4, 5, 9] based on Kähler-Atiyah al-
gebras.
Restriction to Majorana spinors which are every-
where non-chiral. From now on, we consider only the
case when ξ is everywhere non-chiral on M, i.e. the case
|b|< 1 everywhere. This amounts to requiring that each
of the chiral components ξ± is nowhere-vanishing. With
this assumption, the Fierz identities (which we treated
generally in [5, 10]) prove to be equivalent with the fol-
lowing relations holding on M1:
||V ||2 = 1− b2 > 0 ,
ιV (∗Z) = 0 , ιV Z = Y − b ∗Y , (4)
(ια (∗Z))∧ (ιβ (∗Z))∧ (∗Z) =−6〈α ∧V,β ∧V 〉ιV ν ,
for any 1-forms α,β ∈Ω1(M).
The first relation in (4) implies that V is nowhere-
vanishing. Thus V determines a corank one Frobenius
distribution D = kerV ⊂ T M on M, whose rank one or-
thocomplement (taken with respect to g) we denote by
D⊥. This provides an orthogonal direct sum decomposi-
tion:
TM = D ⊕D⊥
and defines an orthogonal almost product structure P ∈
Γ(M,End(T M)). Equivalently, V provides a reduction
of structure group of T M from SO(8) to SO(7). For
convenience, we introduce the normalized vector field:
n
def.
= ˆV ♯ =
V ♯
||V || , ||n||= 1 ,
1 The first three of these relations were also given in [7].
which is everywhere orthogonal to D and generates D⊥.
Thus D⊥ is trivial as a real line bundle and D is trans-
versely oriented by n. Since M itself is oriented, this pro-
vides an orientation of D which agrees with that defined
by the longitudinal volume form ν⊤ = ι ˆV ν in the sense
that ˆV ∧ ν⊤ = ν . We let ∗⊥ : Ω(D)→ Ω(D) be the
Hodge operator along D , taken with respect to this ori-
entation:
∗⊥ω = ∗( ˆV ∧ω) = (−1)rkω ι ˆV (∗ω) , ∀ω ∈Ω(D) ,
where ∗2⊥ = idΩ(D) and ∗2 = pi , where pi is the parity
automorphism of the Kähler-Atiyah algebra of (M,g).
Notice that D is endowed with the metric g|D induced
by g, which, together with the orientation defined above,
gives D an SO(7) structure as a vector bundle.
Proposition [1]. Relations (4) are equivalent with:
V 2 = 1− b2 , Y = (1+ bν)ψ , Z =Vψ , (5)
where ψ ∈ Ω4(D) is the canonically normalized coas-
sociative four-form of a G2 structure on the distribution
D which is compatible with the metric g|D induced by g
and with the orientation of D discussed above.
Remark. We remind the reader that the canonical
normalization condition for the coassociative 4-form ψ
(and thus also for the associative 3-form ϕ def.= ∗⊥ψ) of a
G2 structure on D is:
||ψ ||2 = ||ϕ ||2 = 7 .
Since D is a sub-bundle of T M, the Proposition shows
that we have a G2 structure which at every point p∈M is
given by the isotropy subgroup G2,p of the pair (Vp,ϕp)
in the group SO(8)p
def.
= SO(TpM,gp). Hence we have a
two step reduction along the inclusions:
G2,p →֒ SO(7)p →֒ SO(8)p ,
where SO(7)p
def.
= SO(Dp,gp|Dp) is the stabilizer of Vp
in SO(8)p.
Notice that b,V,Y and Z provide a redundant param-
eterization of ξ . A better parameterization is the one in
terms of b,V and ψ , where:
ψ = 1
1− b2VZ =
1
1− b2 (1− bν)Y .
This parameterization is given by:
ˇE =
1
16(1+V + bν)(1+ψ) = PΠ
where:
P def.=
1
2
(1+V + bν) and Π def.= 18(1+ψ)
are commuting idempotents in the Kähler-Atiyah algebra
of (M,g). The fact that P and Π commute in this algebra
is equivalent with the identity ιV ψ = 0. Idempotency of
P is equivalent with the relation V 2 = 1− b2, while that
of Π is equivalent with identity:
ψ2 = 6ψ + 7 , (6)
which follows from (4). It can be shown2 that condition
(6) characterizes metric-compatible coassociative forms
of G2 structures on a Euclidean vector bundle of rank 7.
Two problems related to the supersymmetry
conditions
We shall consider two different (but related) problems
regarding equations (2):
Problem 1. Given f ∈ Ω1(M) and F ∈ Ω4(M), find
a set of equations in ∆ and b, ˆV ,ψ equivalent with the
supersymmetry conditions (2).
Problem 2. Find the necessary and sufficient com-
patibility conditions on the quantities ∆ and b, ˆV ,ψ such
that there exists at least one pair ( f ,F) ∈ Ω1(M) ×
Ω4(M) for which dimK (D,Q) > 0, i.e. such that (2)
admits at least one non-trivial solution ξ .
In what follows, we describe only the solution of the
second problem, following [1]; the solution of the first
problem can also be found in loc. cit.
Encoding the supersymmetry conditions
It was shown in [4] that the supersymmetry conditions
(2) are equivalent with the following equations for the
inhomogeneous form ˇE , where commutators [ , ]− are
taken in the Kähler-Atiyah algebra of (M,g):
∇m ˇE =−[ ˇAm, ˇE]−
ˇQ ˇE = 0 , (7)
the inhomogeneous forms ˇAm, ˇQ being given by:
ˇAm =U
1
4
emyF +
1
4
(em∧ f )ν +κemν ,
ˇQ =U 12d∆−
1
6 f ν −
1
12
F−κν .
2 We thank S. Grigorian for giving a direct proof of this statement.
We call the first row in (7) the covariant derivative
constraints, while the second row describes the ˇQ-
constraints.
Integrability of D . The foliations F and F⊥. As
already noticed in [7], the supersymmetry conditions (2)
(equivalently, (7)) imply:
dω = 0 , where ω def.= 4κe3∆V ,
ω = f− db , where b def.= e3∆b .
(8)
In particular, the 1-form f must be closed, a property
which is also implied by the Bianchi identities (dG = 0
leads to dF = df = 0). Relations (8) show that the closed
form ω belongs to the cohomology class of f. The first of
these relations implies that the distribution D = kerV =
kerω is Frobenius integrable and hence that it defines a
codimension one foliation F of M such that D = TF .
The complementary distribution is also integrable (since
it has rank one) and determines a foliation F⊥ such that
D⊥ = T (F⊥). The leaves of F⊥ are the integral curves
of the vector field n, which are orthogonal to the leaves of
F . The 3-form ϕ defines a leafwise G2 structure on F .
The restriction S|L of the pinor bundle S to any given leaf
L of F becomes the bundle of real pinors of L, while
the restriction of a certain sub-bundle S+ (described in
[1]) becomes the bundle of Majorana spinors of the leaf.
Since the considerations of the present section are local,
we can ignore for the moment the global behavior of the
leaves.
FIGURE 1. Local picture of the plaques of the foliations F
and F⊥ inside some open subset of M.
Solving the ˇQ constraints. Any form decomposes
uniquely into components parallel and orthogonal to any
1-form. This gives F = F⊥+ ˆV ∧F⊤ and f = f⊥+ ˆV ∧ f⊤,
where f⊤ ∈Ω0(M), f⊥ ∈Ω1(D), F⊤ ∈Ω3(D) and F⊥ ∈
Ω4(D). Since F carries a leafwise G2 structure, F⊤,⊥
decompose according to the irreducible representations
of G2 into F⊤,⊥= F (1)+F
(7)
⊤,⊥+F
(27)
⊤,⊥ = F
(7)
⊤,⊥+F
(S)
⊤,⊥ and
thus:
F⊥ = F
(7)
⊥ +F
(S)
⊥ , F⊤ = F
(7)
⊤ +F
(S)
⊤
with the parameterization:
F (7)⊥ = α1∧ϕ , F
(S)
⊥ =−ˆhklek ∧ ιel ψ
F (7)⊤ =−ια2ψ , F
(S)
⊤ = χklek∧ ιel ϕ .
(9)
Here α1,α2 ∈ Ω1(D) while ˆh,χ are leafwise covariant
symmetric tensors which decompose into their homoth-
ety parts trg(ˆh), trg(χ) and traceless parts χ (0) and ˆh(0).
Since ψ = ∗⊥ϕ , relations (9) determine F in terms of ˆV ,
ψ and of the quantities α1,α2, ˆh and χ . The tensor ˆh has
the properties (see [11, 12]):
ˆhi j =
1
7
trg(ˆh)gi j + ˆh(0)i j , trg(ˆh
(0)) = 0 ,
ˆhi j = hi j− 14 trg(h)gi j ⇐⇒ hi j =
ˆhi j− 13 trg(
ˆh)gi j ,
with similar properties for χ . The solution of the ˇQ-
constraints is given by the following:
Proposition [1]. Let ||V || =
√
1− b2. Then the ˇQ-
constraints are equivalent with the following relations,
which determine (in terms of ∆,b, ˆV ,ψ and f ) the com-
ponents of F (1)⊤ , F
(1)
⊥ and F
(7)
⊤ , F
(7)
⊥ :
α1 =
1
2||V || ( f − 3bd∆)⊥ ,
α2 =− 12||V || (b f − 3d∆)⊥ ,
trg(ˆh) =−34trg(h) =
1
2||V || (b f − 3d∆)⊤ ,
trg(χˆ) =−34trg(χ) = 3κ−
1
2||V || ( f − 3bd∆)⊤ .
(10)
Remark. Notice that the ˇQ-constraints do not deter-
mine the components F (27)⊤ and F
(27)
⊥ .
Definition. We say that a pair ( f ,F) ∈ Ω1(M) ×
Ω4(M) is consistent with a quadruple (∆,b, ˆV ,ψ) if con-
ditions (10) hold, i.e. if the ˇQ-constraints are satisfied.
Encoding the covariant derivative constraints. In or-
der to describe the extrinsic geometry of the foliation F
we start with the following form of fundamental equa-
tions of the foliation:
∇nn = H (⊥ n) ,
∇X⊥n =−AX⊥ (⊥ n) ,
∇n(X⊥) =−g(H,X⊥)n+Dn(X⊥) ,
∇X⊥(Y⊥) = ∇⊥X⊥(Y⊥)+ g(AX⊥,Y⊥)n ,
(11)
where H ∈ Γ(M,D⊥) encodes the second fundamental
form of F⊥, A∈ Γ(M,End(D)) is the Weingarten oper-
ator of the leaves of F and Dn : Γ(M,D)→ Γ(M,D) is
the derivative along the vector field n taken with respect
to the normal connection of the leaves of F⊥. The first
and third relations are the Gauss and Weingarten equa-
tions for F⊥ while the second and fourth relations are
the Weingarten and Gauss equations for F . It is shown
in [1] that the following relations hold:
Dnϕ = 3ιϑ ψ , Dnψ =−3ϑ ∧ϕ , (12)
where ϑ ∈Ω1(D).
We now give the solution of Problem 2, which was
obtained after lengthy calculation. The result gives the
set of conditions equivalent with the existence of at least
one non-trivial solution ξ of (2) which is everywhere
non-chiral, while expressing f and F in terms of ∆ and
of the quantities b, ˆV and ϕ .
Theorem [1]. The following statements are equiva-
lent:
(A) There exist f ∈ Ω1(M) and F ∈ Ω4(M) such that
(2) admits at least one non-trivial solution ξ which
is everywhere non-chiral (and which we can take to
be everywhere of norm one).
(B) There exist ∆ ∈ C ∞(M,R), b ∈ C ∞(M,(−1,1)),
ˆV ∈Ω1(M) and ϕ ∈Ω3(M) such that:
1. ∆, b, ˆV and ϕ satisfy the conditions:
|| ˆV ||= 1 , ι
ˆV ϕ = 0 .
The Frobenius distribution D def.= ker ˆV is integrable
and we let F be the foliation which integrates it.
2. The quantities H, trA and ϑ of F are given by:
H♯ =
2
||V ||α2 =−
b
||V ||2 (db)⊥+ 3(d∆)⊥ ,
trA = 12(d∆)⊤− b(db)⊤||V ||2 − 8κ
b
||V || ,
ϑ =− 1+ b
2
6||V ||2 (db)⊥+
b
2
(d∆)⊥ .
3. ϕ induces a leafwise G2 structure on F whose
torsion classes satisfy (notice that τ3 is not con-
strained):
τ0 =
4
7||V ||
[
2κ(3+ b2)− 3b
2
||V ||(d∆)⊤+ 1+ b
2
2||V || (db)⊤
]
τ1 =−32(d∆)⊥ ,
τ2 = 0 .
In this case, the forms f and F are uniquely determined
by b,∆,V and ϕ . Namely, the one-form f is given by:
f = 4κV + e−3∆d(e3∆b) ,
while F is given as follows:
(a) F (1)⊤ =− 47 trg(χˆ)ϕ and F
(1)
⊥ =− 47 trg(ˆh)ψ , with:
trg(ˆh) =−3||V ||2 (d∆)⊤+ 2κb+
b
2||V || (db)⊤
trg(χˆ) = κ− 12||V || (db)⊤
(b) F(7)⊤ =−ια2ψ and F
(7)
⊥ = α1∧ϕ , with:
α1 =
1
2||V || (db)⊥
α2 =− b2||V || (db)⊥+
3||V ||
2
(d∆)⊥
(c) F (27)⊥ =−h
(0)
i j e
i∧ ιe j ψ , F (27)⊤ = χ
(0)
i j e
i∧ ιe j ϕ , with:
h(0)i j =−
b
4||V || [〈eiyϕ ,e jyτ3〉+(i↔ j)]−
1
||V ||A
(0)
i j
χ (0)i j =−
1
4||V || [〈eiyϕ ,e jyτ3〉+(i↔ j)]−
b
||V ||A
(0)
i j
where A(0) = 1||V || (bχ
(0)
i j −h(0)i j ) is the traceless part of the
Weingarten tensor of F while τ3 is the rank 3 torsion
class of the leafwise G2 structure.
The torsion classes τ0 ∈ Ω01(L), τ1 ∈ Ω17(L), τ2 ∈
Ω214(L) and τ3 ∈Ω327(L) of the G2 structure are uniquely
specified through the following equations, which follow
the conventions of [11, 12, 13]:
d⊥ϕ = τ0ψ + 3τ1∧ϕ + ∗⊥τ3 ,
d⊥ψ = 4τ1∧ψ + ∗⊥τ2 .
In our case, the leafwise G2 structure is “integrable”
(since τ2 = 0), i.e. it belongs to the class W1⊕W3⊕W4 of
the Fernandez-Gray classification. It is also conformally
co-calibrated, since τ1 is exact along each leaf.
Topological obstructions
The condition that ξ be nowhere chiral imposes con-
straints on the cohomology class f of f and on the topol-
ogy of M. A necessary condition is that f must be a non-
trivial cohomology class and hence the first Betti number
of M cannot be zero:
b1(M)> 0 . (13)
This condition is far from sufficient. The necessary
and sufficient conditions are as follows. Let ˆMf be
the integration cover of the period map perf of f, i.e.
the Abelian regular covering space of M correspond-
ing to the normal subgroup im(perf) (known as the
group of periods of f) of pi1(M). Then the class f ∈
H1(M,R) \ {0} contains a nowhere-vanishing closed
one-form iff. M is (±f)-contractible and the so-called La-
tour obstruction τL(M, f) ∈Wh(pi1(M), f) vanishes. Here
Wh(pi1(M), f) is the Whitehead group of the Novikov-
Sikorav ring Ẑpi1(M). When f is projectively rational,
these conditions are equivalent with the requirements
that the integration cover ˆMf (which in that case is in-
finite cyclic) must be finitely-dominated and that the
Farrell-Siebenmann obstruction τF (M, f) ∈ Wh(pi1(M))
vanishes, where Wh(pi1(M)) is the Whitehead group of
pi1(M). We refer the reader to [1] and to the references
therein for more information.
Topology of the foliation
We briefly summarize some aspects of the topology
of F , referring the reader to [1] for details. We already
noticed that F is transversely orientable. This implies
that the holonomy group of each leaf of F is trivial, that
all leaves of F are diffeomorphic with each other and
that pi1(L) can be identified with the group of periods of
f. The character of the foliation depends on the rank ρ of
the period group.
When ω is projectively rational, i.e. ρ = 1. In this
case, the leaves of F are compact and coincide with
the fibers of a fibration h : M → S1. Moreover, M is
diffeomorphic to the mapping torus Tφaf (M)
def.
= M ×
[0,1]/{(x,0)∼ (φaf(x),1)}, where af is the fundamental
period of f.
When ω is projectively irrational, i.e. ρ > 1. In this
case, each leaf of F is non-compact and dense in M and
hence F cannot be a fibration. The quotient topology on
the space of leaves is the coarse topology. In this case,
we say that F is a minimal foliation.
The case when F is minimal is generic. In that case,
our compactifications cannot be interpreted as “gener-
alized Scherk-Schwarz compactifications with a twist”
(see [14]) of some effective four-dimensional theory.
Noncommutative topology of the leaf space. Let
C(M/F ) be the C∗-algebra of the foliation, which en-
codes the ‘noncommutative topology’ of its leaf space in
the sense of A. Connes [15]. Since the leaves of F have
no holonomy, the explicit form of this C∗-algebra can be
determined up to Morita equivalence. Let Πf ≈ Zρ be
the group of periods of f. Then C(M/F ) is separable
and strongly Morita equivalent (hence also stably iso-
morphic) with the crossed product algebra C0(R)⋊Πf,
which is isomorphic with C(S1) when ρ = 1 and with
a ρ-dimensional noncommutative torus when ρ > 1. It
follows that linear foliations of tori are so-called “model
foliations” for F .
FIGURE 2. The linear foliations of T 2 model the noncom-
mutative geometry of the leaf space of F in the case ρ(f)≤ 2.
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